PROBLEM 2.40

KNOWN: Steady-state temperature distribution for hollow cylindrical solid with volumetric heat
generation.

FIND: (@) Determinethe inner radius of the cylinder, rj, (b) Obtain an expression for the volumetric
rate of heat generation, ¢, (c) Determine the axia distribution of the heat flux at the outer surface,

ar (ro, Z), and the heat rate at this outer surface; isthe heat rate in or out of the cylinder; (d)
Determine the radial distribution of the heat flux at the end faces of the cylinder, g5 (r,+z,) and

ay (r, —zo) , and the corresponding hezat rates; are the heat rates in or out of the cylinder; (e)

Determine the relationship of the surface heat rates to the heat generation rate; is an overall energy
balance satisfied?

SCHEMATIC:
[ ,/ —+z,=25m
/:/2 . T(r,z)=a+br2 +cIn(r) + dz2 r(m), z(m)
Insulated ! , _T 7 a=20°C c =-12°C
boundary !—-f ——————————— [ b = 150°C/m2 d =-300°C/m2
: k=16 W/m-K
7 — z,=25m
| | | > r
0 re=1m

ASSUMPTIONS: (1) Steady-state conditions, (2) Two-dimensional conduction with constant
properties and volumetric heat generation.

ANALYSIS: (a) Since theinner boundary, r = r;, is adiabatic, then gy (r;,z) =0. Hencethe

temperature gradient in the r-direction must be zero.

ARs =0+2br; +c/r; +0 =0
o

/2 o /2
ol e S, <
0 2x150°C/m<0

(b) To determine g, substitute the temperature distribution into the heat diffusion equation, Eq. 2.20,
for two-dimensional (r,z), steady-state conduction
10 GTD 00T q

vorH orH oo "k

iar( [0+2br +c/1 +0]) (O +0 +0 +2dz) E =0

—[4br+0] +2d+d =

r k

= -k[4b-2d] =-16W/m K X150 T/ m? —2( -300 T/ mz)g

q=0W/m3 <
(c) The heat flux and the hest rate at the outer surface, r = ro, may be calculated using Fourier’s law.

Note that the sign of the heat flux in the positive r- -direction s negative, and hence the heat flow isinto
the cylinder.

ar (ro2) = —kZ—TE = —« [0 +2br, +c/ 1, +0]
r
]

Continued .....



PROBLEM 2.40 (Cont.)

Gr (10,2) = -16W/m K (2 x150°C/m? x1 m ~12°C/1 mH] = 4608W / m” <
a (p)=A, q (rolz) where A, =2m, (22,)
ar (o) = =4 x1 m x2.5 m x4608W / m? = -144, 765W <

(d) The heat fluxes and the heat rates at end faces, z = + z, and — z,, may be calculated using Fourier’s
law. The direction of the heat rate in or out of the end face is determined by the sign of the heat flux in
the positive z-direction.

At the upper end face, z = + z,: heat rate is out of the cylinder <
oT
qy (r,+zo) = —ka— = &[0 +0 +0 +2dz,]
z
d, (1, +20) = -16W/m K ><2(—300°C/m2)2.5 m = +24,000W / m? <
A o _ 2 2
a; (+20) =A, a5 (1, +25) where A, -7T(ro —; )

dy (+2,) = rr(12 —0.22)m2 x24,000W / m? = 72,382W

At the lower end face, z= - z,: heat rate is out of the cylinder
oT

0y (r-zo)=—&—[ =-k[0+0+0 +2dz,]

0z L1z
a0, (r.-2o) = -16W/m? (K x2(-300°C/m)( 25 m) = -24,000W / m? <
dy (-2o) = -72,382W <

(€) The heat rates from the surfaces and the volumetric heat ﬁenerati on can be related through an
overall energy balance on the cylinder as shown in the sketch.
q)(r,+2,) = +24,000 W/m?
T q(r+zo) = +72,382 W
Ve Egen = q v
; 4 pz

q/(ro,2) = -4,608 W/m?

qr(ro,z) =-144765 W

Ls | T q(r,-2o) = -24,000 W/m?
qZ(r,-zo) =-72,382 W

Ein ~Eout +Egen =0 where Egen =qE 0
Ein =0 (o) = (<144, 765W) = 4144, 765W <
Eout = 05 (20) ~05 (2o ) =[72.382 ~(72,382)] W = 444,764 W <

The overall energy balance is satisfied.

COMMENTS: When using Fourier’slaw, the heat flux g, denotesthe heat flux in the positive z-

direction. At aboundary, the sign of the numerical value will determine whether heat is flowing into
or out of the boundary.



PROBLEM 2.47

KNOWN: Planewall, initially at a uniform temperature Tj, is suddenly exposed to convection with a

fluid at To, at one surface, while the other surface is exposed to a constant heat flux qg,.

FIND: (a) Temperature distributions, T(x,t), for initial, steady-state and two intermediate times, (b)
Corresponding heat fluxeson gy — X coordinates, (c) Heat flux at locationsx =0andx =L asa

function of time, (d) Expression for the steady-state temperature of the heater, T(0,0), in terms of
Jo, Teos k, hand L.

SCHEMATIC:
: 2=0,k
Heater, 9,
LS

0
Insulati Teo,
nsulation |_’x A T(x,0)=7,7
ASSUMPTIONS: (1) One-dimensional conduction, (2) No heat generation, (3) Constant properties.
ANALYSIS: (a) For T <T,, thetemperature distributions are

TN T

To | — oo
7;_ MT@;O):ﬁ
(0] L R

Note the constant gradient at x = 0 since gy (0) = gp.

(b) The heat flux distribution, q')’((x, t), is determined from knowledge of the temperature gradients,
evident from Part (a), and Fourier’s law.

93(,1-)A E ?o 1’: 9”x (o'm) 9’(’(,’.) A 9x1{0"’: ?o”
o ' 76,0 oV L)
0 — .

(c) On gy (x, t) —1t coordinates, the heat fluxes at the boundaries are shown above.

(d) Perform a surface energy balance at x = L and an energy balance on the wall:

Geond = Acony = N[T(L,©) ~Too| (1), Agona =0 (2

For the wall, under steady-state conditions, Fourier’slaw gives 1 E
7 :_1/"
o 9T _ T(01°°) - T(L, °°) gcond I 9conv
Qo = —k——=k : (3) lL
dx L x=

Combine Egs. (1), (2), (3) to find:

T(0,00) =T, 4 %
1/h+L/k



PROBLEM 2.53

KNOWN: Thin electrical heater dissipating 4000 W/m2 sandwiched between two 25-mm thick plates
whose surfaces experience convection.

FIND: (@) On T-x coordinates, sketch the steady-state temperature distribution for -L < x < +L;
calculate values for the surfaces x = L and the mid-point, x = 0; label this distribution as Case 1 and
explain key features; (b) Case 2: sudden loss of coolant causing existence of adiabatic condition on
the x = +L surface; sketch temperature distribution on same T-x coordinates as part (a) and calculate
valuesfor x =0, + L; explain key features; (c) Case 3: further loss of coolant and existence of
adiabatic condition on the x = - L surface; situation goes undetected for 15 minutes at which time
power to the heater is deactivated; determine the eventual (t — o) uniform, steady-state temperature
distribution; sketch temperature distribution on same T-x coordinates as parts (a,b); and (d) On T-t
coordinates, sketch the temperature-time history at the plate locations x = 0, = L during the transient
period between the steady-state distributions for Case 2 and Case 3; at what location and when will the
temperature in the system achieve a maximum value?

SCHEMATIC:
Electric heater
q;, = 4000 W/m?
T = 20°C
h = 400 W/m2-K Plates p = 2500 kg/m3

cp = 700 J/kg-K

zrzrl | zrzr k=5 W/m-K

> x +L =25 mm

ASSUMPTIONS: (1) One-dimensional conduction, (2) Constant properties, (3) No internal
volumetric generation in plates, and (3) Negligible thermal resistance between the heater surfaces and
the plates.

ANALYSIS: (a) Sincethe system is symmetrical, the heater power resultsin equal conduction fluxes
through the plates. By applying a surface energy balance on the surface x = +L as shown in the
schematic, determine the temperatures at the mid-point, X = 0, and the exposed surface, x + L.

e T(L)
1|1 dconv
—» | —>
Qx(*+L) 1fs

1
Ein —Eout =0
d (+L) ~deonv =0 where dx (+L) =80/2
Uo/2-hE (+L) -TeH=0
T (+L) =05 /2h +T, :4OOOW/m2/(2 x400W / m? uz() +20C =25T <

From Fourier’slaw for the conduction flux through the plate, find T(0).
oy =do/2=k () -T(+L)B/L
T1(0) =Ty (+L) +0pL / 2k =25°C +4000W /m? K x0.025m/(2 x5W/m K) =35 T <

The temperature distribution is shown on the T-x coordinates below and labeled Case 1. The key
features of the distribution are its symmetry about the heater plane and its linear dependence with
distance.

Continued .....



PROBLEM 3.9

KNOWN: Thicknesses of three materials which form a composite wall and thermal
conductivities of two of the materials. Inner and outer surface temperatures of the composite;
also, temperature and convection coefficient associated with adjoining gas.

FIND: Vaue of unknown thermal conductivity, kg.

SCHEMATIC:
o LA:O.3777
T, =600°C 50=R0°C 47/ _015m
kA=ZOW§777'K
ke =50 W/m-K
750=8O7°C ¢ ”
h=25W/|mz2-K
Too ki Ts.o
kot LT
a bs L PA A kA kA

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensiona conduction, (3) Constant
properties, (4) Negligible contact resistance, (5) Negligible radiation effects.

ANALYSIS: Referring to the thermal circuit, the heat flux may be expressed as

o_ Tsi=Tso  _ (600-20)°C
T La, g, Lc  03m _015m_ 015m
kA kB kC 20 W/mK kB 50 Wim K
g=— 20 \wm2. (1)
0.018+0.15/kg
The heat flux may be obtained from
q'=h(Te - Tgj) =25 W/m? [K (800-600)° C )
q'=5000 W/mZ.
Substituting for the heat flux from Eq. (2) into Eq. (1), find
015_580 _018=280 _0018=0.008
ks q 5000
kg =1.53 W/mK. <

COMMENTS: Radiation effects are likely to have a significant influence on the net heat
flux at the inner surface of the oven.



PROBLEM 3.27

KNOWN: Operating conditions for a board mounted chip.

FIND: (a) Equivalent thermal circuit, (b) Chip temperature, () Maximum allowable heat dissipation for
dielectric liquid (h, = 1000 W/m’[K) and air (h, = 100 W/m’K). Effect of changesin circuit board
temperature and contact resistance.

SCHEMATIC:

L hy
q”o\ T Tw=20°C

_ x = .
Lb-o.oo5_n£f \9 . \}\ .

Ky~ —> hj= 40 Wim2K
> T_;=20°C

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction, (3) Negligible chip
thermal resistance, (4) Negligible radiation, (5) Constant properties.

PROPERTIES: Table A-3, Aluminum oxide (polycrystalline, 358 K): k, = 32.4 W/mIK.
ANALYSIS: (a)

oo, | c 00,0

q" 1/h; (LIK), R"tC T "1”70 q",
qc
(b) Applying conservation of energy to a control surface about the chip (Ein - Eout = O) :
dc —di —do =0
v _ Tc ‘Too,i Te ‘Too,o
Oc = P
]/hi "'(L/k)b +Ric  Vho

With g7 = 3x10* W/m? , h, = 1000 W/m?K, ky = L W/mIK and R} ; =10~*m? (K/W

T.—-20°C . Te-20°C

3x104W/m? = s
(J/ 4o+o.005/1+1o‘4)m2 K/W  (1/1000)m? (K /W

3x10% W/ m? = (33.2T, ~664 +1000T, ~20,000)W/m? K
1003T, = 50,664

T.=49°C. <
(c) For T.=85°C and h, = 1000 W/m’[K, the foregoing energy balance yields

q. = 67,160 W/ m? <
with gg = 65,000 W/n? and ¢f = 2160 W/m’. Replacing the dielectric with air (h, = 100 W/n’[K), the
following results are obtained for different combinations of k, and Rt ¢.

Continued...



PROBLEM 3.27 (Cont.)

Ky (W/mIK) Ric g (W) do (W/m?) g (W/m?)
(MK /W)
<
1 10* 2159 6500 8659
324 10* 2574 6500 9074
1 10° 2166 6500 8666
324 10° 2583 6500 9083

COMMENTS: 1. For the conditions of part (b), the total internal resistance is 0.0301 m?K/W, while
the outer resistance is 0.001 m*K/W. Hence

g _ (Te~Tw,0)/Ro _0.0301 4

o (Te-Tewj)/R; 0001

and only approximately 3% of the heat is dissipated through the board.

2. With h, = 100 W/m?[K, the outer resistance increases to 0.01 m’IK/W, in which case dy /i = R; /R,

=0.0302/0.01 = 3.1 and now amost 25% of the heat is dissipated through the board. Hence, although
measures to reduce R; would have a negligible effect on g, for the liquid coolant, some improvement

may be gained for air-cooled conditions. As shown in the table of part (b), use of an aluminum oxide
board increase ¢f by 19% (from 2159 to 2574 W/m?) by reducing R; from 0.0301 to 0.0253 m*K/W.

Because the initial contact resistance (R; ¢ =10"*m? (K/W ) isaready much lessthan R; , any reduction

in its value would have a negligible effect on q; . The largest gain would be realized by increasing h;,
since the inside convection resistance makes the dominant contribution to the total internal resistance.



PROBLEM 3.43

KNOWN: Diameter of electrical wire. Thickness and thermal conductivity of rubberized sheath.
Contact resistance between sheath and wire. Convection coefficient and ambient air temperature.
Maximum allowable sheath temperature.

FIND: Maximum allowable power dissipation per unit length of wire. Critical radius of insulation.
SCHEMATIC:

. Wire
Egen, D=2mm q’ Tw,o Tin,i Tin,o T(D
Ric = 3x10* m2-K/W f «— AN AN AANA
) R! Rl
Insulation, t =2 mm T = 200C Ric cond conv
k=0.13 W/m-K " 5
T =50°C =10 W/m=-K

ASSUMPTIONS: (1) Steady-state, (2) One-dimensional radial conduction through insulation, (3)
Constant properties, (4) Negligible radiation exchange with surroundings.

ANALYSIS: The maximum insulation temperature corresponds to itsinner surface and is
independent of the contact resistance. From the thermal circuit, we may write

Tlni_TOO T|n| —To
cond * Rconv @n(rmolrm,)/2nkH+(1/2nrmoh)

=g =

where r,; =D/2=0.001m, G o =fipj +t =0.003m, and Tj, ; = Typa =50°C yields the maximum
allowable power dissipation. Hence,

. 50-20)°C 30°C
£y = ( ) - =451W/m <

/n3 .\ 1 (135+531)mK /W

2x013W/mIK  277(0,003m)10W / m? (K

The critical insulation radius is also unaffected by the contact resistance and is given by

o = X = QABWIMIK _ ) 13m =13mm <

h  10W/m? K

Hence, rin o < rer and E'g,max could be increased by increasing rin o up to avalue of 13 mm (t = 12
mm).

COMMENTS: The contact resistance affects the temperature of the wire, and for g’ = E'g,max
= 451W /m, the outer surface temperature of thewireis Ty,o = Tinj +q Ry ¢ =50°C +(4.51W/m)

(3x 10 *m? K / W)/ (0.002m) =50.2°C. Hence, the temperature change across the contact

resistanceis negligible.



